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An improved model and solution procedure for nonequilibrium, multicompo-

nent, two-phase, steady-state mass transfer problems are developed. Processes as
diverse as packed column operation and the drying of porous solids are included.
Ideas such as “HETP,” “HTU” or “mass transfer section” are avoided. “Stiff’
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SCOPE

This paper proposes a model and solution procedure for
steady state continuous contact mass transfer problems as di-
verse as nonequilibrium operation of packed columns and the
drying of porous media. Included are all the features listed as
items (a) through (g). Such a combination represents an ad-
vance over previous work.

(a) Energy, mass and momentum are each required to be
conserved in each phase.

Correspondence concerning this paper should be addressed to D. S. Billingsley.

Present address of Arun Chirachavala: 77/8 Soi Juladit, Petchburi Rd., Bangkok,
Thailand.

0001-1541-81-2727-0968-$2.00. €The American Institute of Chemical Engineers,
1981.

Page 968 November, 1981

(b) Equations of state are nontrivial in each phase.

(¢) A multicomponent system is considered.

(d) Phase temperatures, velocities and concentrations are
not assumed constant.

(e) Transfer coefficients for mass, energy or momentum are
assumed neither constant nor equal for all components.

() One phase at some place in the unit is not assumed to be in
equilibrium with the other phase at some other place in the
unit.

(g) The problem of obtaining a numerical solution is
addressed.

The model is sufficiently detailed and realistic to be represent-
ative of the best currently available.
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The solution procedure in effect eliminates all unknown
compositions at the outset. Piecewise polynomial approxima-
tions together with Newton-Raphson iteration are used to inte-
grate the nonlinear differential equations in the model. All
elements of the required Jacobian matrix are computed analyt-
ically. The linear differential equations produced in each itera-

tion are solved by collocation using B-spline basis functions.
Tests show this procedure effective in obtaining solutions for
this model even when certain of the equations are “stiff.”

The question of initial estimates is not addressed. Although
the model may be extended to two or three space dimensions
this aspect is not addressed either.

CONCLUSIONS AND SIGNIFICANCE

The most important conclusion was that the solution to the
convective diffusion equations—that is, the mass conservation
equations for each component-—needs to have a particular prop-
erty. At collocation points, it must approximate nicely not only
the component’s vapor and liquid mole fractions but the first
derivatives thereof as well. When this is done, convergence can
be achieved in less than 10 iterations starting from machine
generated initial values. Conversely, when even first deriva-
tives of the mole fractions are badly approximated at colloca-
tion points, the numerical problem is more nonlinear than

required by the physics involved. As the effective diffusivities
become small this condition is aggravated, and convergence is
more difficult to achieve.

The significance of this work is twofold. First all relevant
conservation equations for each phase are included in one
model together with a nonideal equation of state for each
phase. Second a major source of numerical difficulty in “stiff”
mass transfer problems is identified and a solution procedure
developed to minimize the difficulty.

INTRODUCTION

Steady state operation of continuous contact units has been
most frequently analyzed under assumptions that the phase
flows, temperatures and concentrations as well as eddy dif-
fusivities and overall mass transfer coefficients are constant
throughout the unit. Such assumptions linearize the problem so
that analytical solutions are available for example, Hartland
and Mecklenburgh, 1966; Hartland, 1970; Mickley, etal. 1957;
Miyauchi and Vermeulen, 1963; Sleicher, 1959, 1960; Wilburn,
1964. When such assumptions are invalid, the approaches have
been to resort to notions such as “HETP” or “HTU” (Emmert
and Pigford, 1963; Sherwood and Pigford, 1952; Holland et al.,
1970; Bassyoni et al., 1970; McDaniel et al., 1970) together with
some simple numerical integration technique combined with a
direct iteration procedure. It is clear that these ideas possess
the inherent weaknesses that:

(a) The “"HETP” is not the same for all components.

(b) Liquid at one point in the column is assumed to be in
equilibrium with vapor at that or some other point in the col-
umn.

Numerical instability and failure to converge often further limit
the usefulness of these models.

The model developed here is presented in terms of packed
columns but is valid for a wider class of processes (Lyczkowski,
1979). Ideas such as “HETP,” “HTU” or “mass transfer section”
are not invoked. Rather a component mass transfer rate propor-
tional to the departure from equilibrium is assumed. The eddy
diffusivities, mass and heat transfer coefficients, friction factors
(momentum transfer coefficients), enthalpies, thermal conduc-
tivities and equilibrium ratios for each component are assumed
independent of composition but may be functions of pressure
and of phase velocity, concentration and temperature. Thus
each of the component variables may possess a derivative with
respect to position in the column. A formulation somewhat
similar to that used here has been employed by Liles and Reed
(1978); however, they use finite difference approximations and
require neither the energy nor the momentum to be conserved
in each phase. Furthermore those authors assume both phases
to have the same temperature.

Certain of the unknown functions will be classed as primary
variables or iteration variables. They may also be referred to as
the unknown profiles when no confusion arises. In general there
will be eight or nine primary variables. These will be the
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concentration, temperature and velocity of each phase, the
pressure, the cross section area occupied by the vapor and when
desirable the interfacial area.

The next section covers the mass, energy and momentum
conservation equations used in this model. Boundary value
relations are also presented in this section. There follows a
section devoted to the vapor and liquid equations of state
employed in the model. Next is a section summarizing the
correlations for interfacial area, enthalpies and equilibrium
ratios. The section after this is devoted to the elimination of
unknown compositions using the proposed collocation proce-
dure. Following this a section describes how Newton-Raphson
iterations are incorporated. The last section briefly covers nu-
merical results using four test problems, two of which were

“stiff.”

CONSERVATION EQUATIONS

Equations stating conservation of mass, energy and linear
momentum are developed by Gray (1975), by Whitaker (1966,
1967) and in standard texts such as Bird, Stewart and Lightfoot
(1960). One considers two-phase, steady-state, countercurrent
flow and assumes adiabatic operation. Vapor-liquid heat and
momentum transfer coefficients for a phase are taken to be
linear combinations of component transfer coefficients. These
are in turn assumed proportional to vapor phase concentration
and that factor, Cy, is shown explicitly.

(a) Continuity (convective diffusion) equations for each com-
ponent, i:

(AyCyluyy; — Ewy?)) = bty = —A ri = —A@r) (1
(A= AyClupx; — Eyx)) =@y = Ar, = A(rly 2
(r) =r = (yi — Kaka 3)

S =1 = Zx 4)

(b) Conservation of energy:

SH{A(CWupy; — EnydH; — yiciyTy)}

Ahir;, 1 <0
= —(Ty — TL)CVAGEig*iyi - zi{AH; rr' =0 (5)
Ei{(A — Ap)(Cplux; — EiLx'i)hi - xiKiLTD}’
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Ah,-r,- , T <0
- - ok 4+ 3.
(Tv TL)CVAaZIg iYi ZI{AH,-r,- =0

(AgksTs) = (Ts — Ty)Aasygty + (Ts — T )Aasg%, ™

Terms AyuyP’ and (A — A,)u, P’ are not significant in the case
of packed columns. These terms would appear on the right
sides of Eqs. 5 and 6 respectively when for instance drying of
porous media were modeled (Lyczkowski, 1979). The same is
true for terms (Ty — Ty)Aasyg%y and (Ts — T, )Aagg¥,; which
account for heat transmission through the packing. Thus the «;;,
implicitly account for heat conduction in both liquid and pack-
ing.

Terms representing internal energy dissipation due to vis-
cous effects have been dropped. Packing temperature, Ts, is
not of interest here; hence, Eq. T is dropped.

(c) Conservation of linear momentum:

Eimi(AVCVyiu%V)’ = —(AyPy) + (Cvzimi!li)(gA
- u%/astf’gv

)

miAuiLr,- ,n < 0

~ fuy — w)Aaf) - 3] ®

mAuyr; , r; =0
ml(A - Ap)Crxuly) = (uy — uL)ZCVaAf*Eimiyi
- ((A — ApP) + Emx)(A — A))Cig

m,-AuiLri N <0
b oty + 3
ULAdSLf %) b mAugr, ;= 0 )
with
uy = Cyuluvy; — Ejy)/ (Cryi) } 10
wy, = Cpluyx; — Eyxl)/ (Crx) (10)

Bearman and Kirkwood (1958) have shown via statistical
mechanics that the component velocities u;y and uy;, are actually
meaningful. The diffusional contribution to momentum will be
neglected. Hence we assume

Uiy = Uy , Uy, = U (1n

Terms involving viscous stresses have been absorbed in the
terms containing momentum transfer coefficients in Eqgs. 8 and
9.

Equations 1 through 9 are subject to boundary conditions
determined by the particular system to which they are applied.
A multicomponent system fed at each end and without side
draws or side feeds is assumed. The reflux ratio, R = 0, is
specified from a total condenser. The total flow rate of the
bottom or distillate product stream is specified as is the com-
plete state of each feed stream. This configuration together with
an analysis similar to that of Danckwerts (1953) or of Wehner
and Wilhelm (1956) gives rise to the following boundary condi-
tions. See also Hlavacek et al. (1979). Of these Eq. 12, 13, 16
and 17 express continuity of fluxes of mass and energy in the
vapor phase at the bottom of the unit and in the liquid phase at
the top of the unit.

$i(0) = fio = —A ri(0) (12)
¢u(top) = —fi — Réyy(top) (13)
yi(top) = 0 = x:(0) (14)
Ty(top) = 0 = T;(0) (15)
SbivH: — AvyacivTi)lo = FoHro (16)
Zidihi — (A — Ap)ximuTihop = —FiHpr — R2i(bivhir)hop
17
P(top) = specified value (18)
Ay(top) = specified value (19)

The boundary condition on Ay will in practical problems be
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determined by specifying the flow rate of overhead product, or
distillate, D. This is equivalent to a specification of Ay when the
problem is otherwise completely determined since one has

D

_(T-—R) = Eid’iv(top) = 2i(AVCVuVyi)ltop = (AVCVUV)Itop (20)

Boundary conditions on momentum flux and on phase con-
centrations have been omitted as redundant. Among Eqgs. 4
through 9 there are four differential equations excluding Eq. 7.
Hence boundary conditions may be assigned to exactly four
quantities other than mole fractions. It is more desirable to
specify boundary conditions for A, and for pressure than for
momentum fluxes.

Since 2;Eypy; = 0 = ZE;x; (Bird, Stewart and Lightfoot,
1960, p. 501) one may sum Eqs. 13 and 14 over components and
find with the aid of Egs. 4

(AVCVUV)|0 =F,

21
(A — Ap)Cruly = @

~F, - (RAVCVuV>lt0p }
Thus, the vapor phase flow at the bottom of the unit and the
liquid phase flow at the top are each required to be continuous
by the boundary conditions on mole fractions. Equations 21 are
implicit boundary conditions on Cy and C,.

EQUATIONS OF STATE

References cited by Prausnitz (1969) and Winnick (1975)
attest to the wide selection available. The form employed here
for the vapor equation of state will accommodate those pro-
posed by Beret and Prausnitz (1975), Boublik (1975, 1974,
1970), Carnahan and Starling (1972, 1969), Mansoori et al.
(1971), Reed and Gubbins (1973) and Redlich and Kwong
(1949). Horvath (1974) provides more recent references on the
Redlich-Kwong equation.

P
R:TvCy

1 + 01Cy + 02C%/ - 03C?/ _ OSCV
(1 — 6,Cy)° (1 +6,C,)TH

(22)

where the mixing rules resultin 8,, = 6,(Ty, Cy, y;, x;). Fora
perfect gas all the 8, are zero. For demonstration the following
formulae are used.

~

8, = 8, = 46,
6, =3, 0.0867 R;T. "

Tap,
8, = 62 r (23)
6, = 63
6, =S, 0.4278 RTZ3

P i b ’

These choices for the 8,, follow those of Carnahan and Starling
(1972) and of Horvath (1974) except for 8;. This quantity should
actually be the square of the sum over components with the
square roots of the indicated coefficients of the y; replacing the
coefficients shown.

Beret and Prausnitz (1975) report their proposed equation of
state provides good liquid densities. Consequently it could be
used as the liquid of state here. Since Eq. 22 embraces their
equation it would only be necessary to replace Cy by Cy in Eq.
22 and probably replace some of Egs. 23.

The model used here simply employs another of the avail-
able correlations, namely that of Yen and Woods (1966) for
saturated liquid densities. Thus the effect on liquid density of
the difference between system pressure and saturation
pressure is neglected. One has from Yen and Woods (1966)

AIChE Journal (Vol. 27, No. 6)



C.= (1 + (1 — T,)"PA* + (1 — T,)* E*
+(1 — T)*BG*)/V,
V.2 = ZxiVei
TS = 2T
T, = Ty/T, = Tp(2x:) + 2ixi T

A* = 17.4425 ~ 214.578 z,
+ 989.625 27 — 1522.06 z3
E* = —3.28257 + 13.6377 z,

+ 107.4844 22 — 384.211 22
2. =< 0.26
E* = 60.2091 — 402.063 z, + 501.0 z2 + 641.0 2
ze > 0.26
G* = 0.93 — E*
2ot = 2i%i%e; = 2%PeiVeif (ReTe) (24)

The normalizing quantities Z;x; are inserted since the x; will not
sum to unity until the iterations have converged.

CORRELATIONS

A correlation for interfacial area in terms of superficial liquid
velocity and of liquid composition has been taken from Treybal
(1968, pp. 166-168). This correlation is specific to a packed
column. When the model is used for an application such as
drying of porous media (Lyczkowski, 1979) an interfacial area
correlation appropriate to that system must be employed. The
relations given in Treybal are placed in the form of Eq. 25. In
addition the values of € = 0.73 and Ay = 58/ € have been used
for packing porosity and area respectively (Treybal, 1968, p.
162).

(0.274/0.73)L 120 (0, /0, 73)@ 925026210 1y 5)
¢ 01183 L™ — 1)C,Smax;
where L denotes superficial liquid velocity, u; is the liquid
viscosity expressed in centipoises, o is the surface tension
expressed in dynes per cm. L, 8, », o, and ,, are given by

L= |u,‘](A - AV)/A W
[ v
m, <12 0.897 0.13
po=12 0575 0.31 { (26)

I

g,

(Cr2mpx) — (CVzimiyi) 4
30( (Cr2imx* — (CyZmuyy)* )

My = (6 36835 + IOS)CL exp(38 E,-xiT,-b/ TL)

The T, and T, are the absolute normal boiling points and the
absolute liguid temperature. Thus Kay's rule has been used to
obtain an approximation to the normal boiling point of the
liquid phase. The asterisks in the surface tension correlation
denote normalizing quantities. In the present work the as-
sociated values were regarded as constants and were computed
using numbers generated for the middle of the unit to start the
first iteration. The viscosity correlation has been taken from
Bird, Stewart and Lightfoot (1960, p. 29) while the surface
tension correlation has been taken from Glasstone (1946, p.
494).

Since Eq. 25 is explicit in the interfacial area, g, that variable
may be used as a primary variable or not as convenient. We use
it as a primary variable.

According to Treybal (1968, p. 161) pressure-drop data for
countercurrent flow of liquid and gas as obtained by various

J
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investigators show wide discrepancies. Consequently correla-
tions have not been used for the three momentum transfer
coefficients (friction factors), f*. Instead they have been as-
signed constant values which are here treated as parameters. It
would be interesting to use a correlation such as the Ergun
equation as modified by Mehta and Hawley (1969) to compute
one of the momentum transfer coefficients. One notes that the
void fraction, €, in the Ergun equation would be Ay/(A + Ag) if
the gas were regarded as a single phase passing through a bed of
packing and liquid. The Ergun equation would be written in
differential form (Choudhary et al., 1976; Stanek, 1974) for one
dimensional flow. This additional relation would permit the
vapor-liquid momentum transfer coefficient for instance to be
treated as another unknown profile. Alternately a correlation
for the fraction of the void volume filled with liquid, (A —
Ay)/ A, such as that of Turpin and Huntington (1967) could be
employed.

Equilibrium ratios are required in Eq. 3. Power series curve
fit correlations are used for the product of equilibrium ratio
with absolute pressure. The form of these

4
(KiP)" = 3, yuT} @7
n=0
One notes that such correlations do not guarantee consistency
between the vapor and liquid equations of state and the
K-values.
Correlations for enthalpies used in the energy equations are
also of polynomial form, namely

(H)'* = ayy + Ty + T }
(h)'? = By + BT, + BT

Component vapor enthalpy, H;, will usually be a function of

pressure as well as temperature. Anticipating subsequent re-

quirements we note that the derivative of component vapor
enthalpy would then be expressed as

28)

0H; oH;
Hy=——Ty+

Ty T @9)

Finally the mass transfer coefficients, k;, the thermal conduc-
tivities, x;y and «;z, and the effective diffusivities, E;y and E;;,
are for convenience taken to be constants. It is emphasized that
this is not a requirement of the proposed procedure. All quan-
tities which are here assumed constant will normally be ex-
pressed by correlations in terms of the primary variables.

ELIMINATION OF UNKNOWN COMPOSITIONS

The sum of Eqs. 1 and 2 may always be analytically inte-
grated once. Consequently one may obtain their exact solution
in the case of variable coefficients (Billingsley, 1979). Unfortu-
nately such a solution is in terms of the matrizant which limits its
usefulness.

The numerical solution should satisfy the integrals of Eqgs. 1
and 2, which are

fdfwdz = —A fri dz = —A rif} (30)
0

top tgp

f diudz = A f rodz = A 31)

By assigning the boundary conditions given by Eqgs. 12, Eq. 30
is brought to the more compact form

AyCylupy; — Ewy'i) =¢y=—Ar] (32)

Equation 32 is evaluated at the top of the unit and together with
the boundary condition given by Eq. 13 substituted into Eq. 31
to yield

(A — Ay)Culux; — Eyxi) = ¢y = Arf

+ (1 = RYACrupydop — f (33)
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where from Egs. 1 and 14
divtop) = (AvCrutvYiop (34)

Our approximation is also required to satisfy the derivative of
Eq. 3, namely

()" = ri = (ka)yi — (Kiki)xi + (ka)'y: — (Kikia)'x; (35)

All equations are solved by various forms of the finite ele-
ment collocation method described by deBoor and Swartz
(1973) as extended to systems of equations by Cerutti (1974).
The particular variation used to obtain approximate solutions
for Eqgs. 1-3, 32, 33 and 35 subject to the boundary conditions
given by Egs. 12-14 is a scheme developed for that purpose
(Billingsley and Chirachavala, 1979a). Each of the variables
yi(2), xi(z) and r{(z) will be expanded according to Egs. 36 overa
set of piecewise sixth degree B-spline basis functions having two
continuous derivatives. These are described by deBoor (1972,
1977). One has for instance

Yi = 2n}‘%nsn and X = E'n}‘?nsn (36)

The s, = s,(z) are basis functions while the A}, and A9, are the
expansion coefficients.

The column height is divided into subintervals of not neces-
sarily equal length. The differential equations are collocated at
the Gauss-Legendre points in each subinterval (Finlayson,
1972; Villadsen and Michelsen 1968; Strang and Fix, 1973). The
total number of these collocation points is J; the collocation
pointindexisj, j=1,2,. .. ,]. Gauss-Legendre points do not
occur at subinterval end points, and so are interior collocation
points in the sense that none of them fall at either end of the
bed. The indicesj = 0and j = J +1 denote the bottom and top of
the bed respectively. Collocation points are denoted by z; or
simply by the index j. The degree and continuity of the
B-splines used here accommodate two Gauss-Legendre points
per subinterval since six equations will be collocated at each
such point. Specifically

(a) Equations 1, 2 and 35 are to be collocated at all interior
collocation points, 0 < j = J

(b) Equations 32, 33 and 3 are to be collocated at all colloca-
tion points, 0 = j =] + 1

(c) The first of Eqs. 14 is to be collocated at the top of the
unit, j=J + 1

(d) The second of each of Eqs. 12 and 14 is to be collocated at
the bottom of the unit, j = 0

This collocation scheme results in all relevant boundary con-
ditions being satisfied (Billingsley and Chirachavala, 1979a,
p- 53) and provides a total number of collocation equations
equal to the total number of expansion coefficients required for
the three unknowns y;, 1; and ri. 2] + 3 coefficients will be
required for the expansion of each of these unknowns.

Now define s,; = 5,(z;) where 0 =< n = 2] + 2. Then define

( Saj+2.0+1  S2+ra+1 S2su+t S10+1 So.+1
S = S2y+2.4 S2J+1.7 Soy+1d - - o St So.s
S2742.1 S2/410 Sej-1a -+ - S §0.1
S2.7+2.0 $2.7+1.0 S2j-10 - - - S0 So.0
S~ = S with its first and last rows removed.

S; = 8~ using quartic B-splines with two continuous deriva-
ives.

@37
Recalling Eqs. 36 one sets
A= (Mg, Ayars - -0 ML AYT (38)

and has corresponding vectors of expansion coefficients A% and
A; and x; and rf respectively. Let y; = yi(z;). Then write

s Yin Yio) = SA } (39)

s Yz Yia)T = SN

y? = (Yig+1> Yiss - - -
yi = Wis Yiu-1, - - -
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and analogous expressions for xf, x;7, /* and rf~.
The collocation representations for Eqgs. 32, 33, 3, 1, 2and 35
may now be expressed as a single matrix-vector equation,

namely

Al

Zi(k?) = f? (40)
A

By assumption the quantities in the matrix Z; depend explicitly
only upon the primary variables. The vector f;° contains only
specified quantities. The manipulations leading to Eq. 40 are
available (Billingsley, 1979).

One has

yo = (57,0, OZf° l
x = (0, S7, 0)Z;7'f° (41)
=10, 0, SHZ7'f° J

where 0 denotes an array of zeros which has the same dimen-
sions as S~. The spatial derivatives of y7, x7 and r{~ are obtained
simply by differentiating $™. That is by replacing $~ in Eqgs. 41
by §$~'. It is unnecessary to compute Z; ! since it is always
postmultiplied by a vector say a,. If this product is denoted as
the vector w it may be computed as the solution to the linear
system Zw = a,.

NEWTON-RAPHSON ITERATION

Equations 41 may in effect be used to eliminate all unknown
compositions from the conservation equations for energy (Egs.
5 and 6) and momentum (Eqgs. 8 and 9) as well as from the
equations of state (Eqs. 22 and 24), the correlations (Eq. 25) and
the requirements that mole fractions sum to unity (Eq. 4). These
manipulations are given by Billingsley (1979). By a procedure
similar to that employed to assemble Eq. 40 one obtains the
nonlinear vector equation

w(x) = wx, y7(x), 270, 7)) = Cinown (42)

where ¢own is a vector of zeros and specified elements, and the
vector x is defined by

X=(Cv,,Cv, . Cvyts -, Cr1, Coupy CLgmrs -+ -,
Cot, Coto Tvuy, Tvyess Ty, Tyyess - -5 Ty,
Tva, Tvw, Tows Togers Togy Togers o oo s Trs
Tia Toas v, Uy, Uyt o+ o 5 Upigs UL,
gty o - - UL, UL, G, Gyy, - - . Gy, G, Ay,
A Avers oo Av, Ab, P P Py, L BT
43)

Newton-Raphson iterations are performed on Eq. 42 using x
as the unknown vector. Since w(x) contains first and second
derivatives of various elements of x it is necessary to relate
these derivatives to x itself. Accordingly, one expands the
primary variables over different sets of B-spline basis functions
as indicated by Table 1.

Let Sy, St S7v, ST, Sav, S 8o Sy and S3 denote
matrices defined as is S~ in Egs. 37 but formed using the basis
functions employed, according to Table 1, for the variable
indicated by the subscript. These matrices will have the same
number of rows as $~ but will have only about half as many
columns. Thus the first subscripts in the first columns will be on
the order of J. Let Q stand forany of CV, CL, . . . , Pand define

first row of (Sa)’)

St =( Sz

S = (Lt row of (527
“* 7 \last row of (S5)'
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TABLE 1. BASIS FUNCTION SPECIFICATIONS FOR ITERATION

VARIABLES
Variable Cy C, Ty T, u, u, a Ay P
Spline degree 2 2 3 3 2 2 2 3 2
No. cont. derivs, 0 0 1 1 0o 0 O 1 0
Extra splines? no no yes yes no no no no no
No. of b.c.? 0 0 2 2 0 0 O 1 1
Additional Cyy Ca Ty Ty, uy uwe a6y Ay P
iter. variables® Tyi—r Tij—y Al
Ty, Ti»
T, Ty,

Notes (BC indicates Billingsley and Chirachavala, 1979a, b):

1. “Extra splines” denotes two additional quartic spline basis functions having two
continuous derivatives. One of these is nonzero atj = 0, 1 and zero forj > 1. The other is
zero for j < ] and nonzero atj = J, J + 1{(BC).

2. “b.c.”” denotes boundary conditions.

3. “Additional iter. variables” denotes items which are to be iterated upon in addition
to the profile values at all interior collocation points. The number of interior collocation
points plus the number of additional iteration variables equals the number of spline
basis functions for the profile in question (BC).

TABLE 2. NUMBER OF ITERATIONS FOR CONVERGENCE
Problem I I 111 1A%
Iterations 9 9 6 4

S%4 = ((first column of S7), Sy, (last column of S$3))
first two rows of (5%4)’
S&
last two rows of (S%,)

St =
(44)

Let o denote the vector of expansion coefficients for C,. With
S¢v defined according to the first of Eqs. 44 one verifies that

Cvs Cv, Cyyots . .., Cy )T = Sty o } (45)
(CVs Cvy, Crigen, - -, C{’,I)T = Stio

and thus since S¥y is a square matrix
" 1 ' 1 T
( V.J> CV,.I? CV.J—h ) CV,I)

= SE(SE)MCY.s Copy Crer, - -, Cypa)T (46)

Define S, as the block diagonal matrix having S, S¢.+, Stys,
SHve, Shvs Suies Sass Save and Stasits diagonal blocks. S, is not
used in computation but only to describe the procedure. De-
note the m’th derivative with respect to z by the superscript (m).
Then in the same way that Eq. 46 was derived one may show
that

X™ =SS5l x, m=0,1,2 “7)

Using Eq. 47 the vector Eq. 42 may be expanded about the
current estimate of x and its derivatives to provide

ow Jw

aw I ”
Cknown — W(X) = X Ax + o Ay + Ay

"

_ [ dw dw _, Jw _, _1>
- (6_x + {W S + o7 sif sit)ax  as)
where for instance dw/dx’ denotes the Jacobian matrix of a
vector w with respect to x’. The element in row m and column p
in this matrix is the partial derivative of the m’th element of w
with respect to the p'th element of x'. Repeated application of
Eq. 48 constitutes the Newton-Raphson iteration procedure.
Equations for the requisite partial derivatives are obtained by
straightforward partial differentiation of various equations pre-
viously obtained (Billingsley, 1979).

NUMERICAL DEMONSTRATION

Four test problems, in which the packing is assumed to be
completely wetted, have been used in this work. The data for
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these problems together with graphs of their primary variables
are available in Billingsley and Chirachavala, 1979b. Test prob-
lems I and II were constructed to be “stiff” problems represent-
ative of what would be computationally very difficult packed
column models. Test problems III and IV were taken from
McDaniel (1968, 1970) in so far as his data went. McDaniel’s
data came from operating packed columns in a commercial
plant. Each problem was approximated using four subintervals
of equal length and two collocation points per subinterval.
Convergence of the foregoing procedure is shown in Table 2.

NOTATION

A = cross section area of unit exclusive of packing, m?

A, = cross-sectional area occupied by phase ¢, m?

Gpq = surface area of phase p exposed to phase g. Vapor-
liquid if subscripts are absent, m*%m? of vapor plus
liquid

C, = concentration within the phase g, kg mol of phase

g/ m® of phase q

Cknown = vector of specified or known values. Defined by Eq.
42

E = effective diffusivity, m*min

F = total rate of feed in one external stream, kg mol/min

% = friction coefficient between phases p and q. A factor

of vapor concentration is removed if one phase is
vapor. Vapor-liquid if no phase subscript. See Eq. 8

f = component feed rate, kg mol/min

f = vector right side of Eq. 40

g = acceleration due to gravity (negative), m/min?

ghq = heat transfer coefficient between phases p and gq.

Same conventions as for f%,

= vapor molar enthalpy or feed (vapor or liquid) molar

enthalpy, kj/kg mol

= liquid molar enthalpy, kJ/kg mol

total number of interior collocation points

= equilibrium ratio, K = y/x

= mass transfer coefficient, mol/(min X m? of interfa-

cial area)

= molecular weight

pressure, atm

= reflux ratio as moles reflux per mole vapor leaving

the top of the bed

gas constant

rate of mass transfer from vapor to liquid, mol/m® of

vapor and liquid. Defined by Eq. 3

rf = integral of r; from bottom of bed to height z, mol/m?.
Defined by Eq. 3

r{*, r{~ = vectors defined after Egs. 39

S = matrix of spline basis functions. Definitions in Egs.
37, 43 and 44 and after 46

s = spline basis function

T = temperature, °C except where specified otherwise

t = time, usually minutes

u = velocity, m/min, negative for downward flow

\%4

x

tal- R I
i

™3
1

=~ ]
)
I

,,
I

= volume, m¥%kg mol, Egs. 24
= mol fraction in the liquid phase
xf, xf = vectors defined after Eqs. 39

y = mol fraction in the vapor phase

yi, yi = vectors defined in Egs. 39

VA = coefficient matrix of Eq. 40; does not depend
explicitly upon component mol fractions

z = distance above the bottom of the bed, m

Ze = critical compressibility of a mixture, Eqs. 24

Greek Letters

A = an increment in the quantity to which it is applied

K = thermal conductivity, Eqs. 5 and 6

A, A, A% = expansion coefficients for r/, y; and x; respectively,
Eqs. 36

Ai, A, A = vectors of expansion coefficients for r{ y; and x;
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respectively, Eqs. 38

flux of a component, Egs. 1 and 2

= “is defined as” or “is identical to”

vector of unknown (“iteration”) profiles defined by
Eq. 43

It &
I

>
I

Superscripts and Subscripts

c = denotes a critical property

F = external feed stream

i = component index. Range is 1 through I

J = collocation point index. Range is 0 or 1 through J or
J+1

L = liquid phase or when following F liquid feed at top
of bed

(m) = superscript specifying the m’th derivative

n = index for a basis function or its corresponding expan-
sion coefficient as in Eq. 36

r = denotes a reduced property as in T, = T/T.

S = solid phase; usually the packing in the case of a
packed column

T = superscript denoting the transpose of a matrix

\% = vapor phase

0 = bottom of bed

n = denote first and second derivatives respectively
with respect to z
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